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Asymptotic laws for knot diagrams

Harrison Chapman1†

1University of Georgia, Athens, GA

Abstract. We study random knotting by considering knot and link diagrams as decorated, (rooted) topological maps
on spheres and sampling them with the counting measure on from sets of a fixed number of vertices n. We prove
that random rooted knot diagrams are highly composite and hence almost surely knotted (this is the analogue of the
Frisch-Wasserman-Delbrück conjecture) and extend this to unrooted knot diagrams by showing that almost all knot
diagrams are asymmetric. The model is similar to one of Dunfield, et al.

Résumé. Nous étudions les noeuds aléatoires en considérant les diagrammes de noeuds comme cartes planaires
décorées sur lesquelles nous mettons la mesure uniforme de l’espace des cartes de n sommets (n fixé). Nous prouvons
que les diagrammes de noeuds enracinés aléatoires sont très “composés” et de fait presque sûrement noués (ceci est
un équivalent de la conjecture de Frisch-Wasserman-Delbrück). Nous étendons ensuite ce résultat aux diagrammes
de noeuds non enracinés en montrant que tous les diagrammes de noeuds sont asymétriques. Ce modèle est similaire
à celui de Dunfield, et al.
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1 Introduction
A planar map (or simply map) is a graph embedded in the sphere S2 up to continuous deformation. It
is 4-valent if the underlying graph is (i.e. all vertices are of degree 4); we will call 4-valent maps link
shadows. Vertices of link shadows will be called crossings. A map is decorated by some set if there is a
mapping from the vertices of the map to the set. A link component of a link shadow is an equivalence class
of edges meeting opposite across crossings. If a link shadow consists of precisely one link component, it
is called a knot shadow. We note that knot shadows are interesting in their own right; they are precisely
curve immersions on the sphere studied by Gauss, Arnol’d (1995), and others.

The motivation for these definitions is thus: A knot type is an embedding of the circle S1 into the
3-sphere S3 modulo “ambient isotopy.” Call a knot (resp. link) shadow decorated with {+,−} a knot
(link) diagram; this sign information is represented graphically as “over-under” information (Figure 2).
Equivalently then, a knot type is an equivalence class of knot diagrams modulo the Reidemeister moves
(essentially moves one can do with string, c.f. Figure 3). The unknot is the unique knot type represented
by the trivial loop in S3. The unknot is trivial, and diagrams representing another knot type are knotted.

The study of random knotting arises in numerous areas, principal among which is polymer physics:
Polymers (such as DNA or proteins) are considered to be strings in space and in many cases their function
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Fig. 1: A planar map (left) and a planar map in the class of knot shadows (right).
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(a) A figure-eight diagram
viewed as a decorated shadow.

(b) A figure-eight diagram
viewed as a knot drawing.

Fig. 2: After choosing once and for all a way to view signs as “over-under” information (i.e. orientation around the
knot), knot diagrams can be drawn as usual.

Fig. 3: The three Reidemeister moves.



Asymptotic laws for knot diagrams 325

(or lack thereof) depends on any “knots” that appear within. The random diagram model of random
knotting is then: Given a number n of crossings, sample uniformly an unlabeled knot diagram with n
crossings and return its knot type. It is similar to models of Diao et al. (2012) and Dunfield et al. (2014),
but these models do not sample from any well-understood measure on spaces of knot diagrams.

In the context of DNA topology, Frisch and Wasserman (1961) and Delbrück (1962) independently
conjectured;

Conjecture (Frisch-Wasserman-Delbrück) As the size n of a randomly sampled knot grows large, the
probability that it is knotted tends to 1.

The first proof of the conjecture was for n-step self-avoiding lattice polygons, by Sumners and Whittington
(1988):

Theorem (Sumners-Whittington) As the number of steps n of a self-avoiding lattice polygon grows
large, the probability that the polygon is knotted tends to 1 exponentially quickly.

Shortly thereafter the conjecture was proved in view of other models of space curves; self-avoiding Gaus-
sian polygons (Jungreis (1994)), self-avoiding equilateral polygons (Diao (1995)), etc. There are other
(combinatorially and algebraically interesting) models of random knotting, such as the Petaluma model
of Even-Zohar et al. (2014) or those which use elements of the braid group (e.g. in Nechaev et al. (1996)),
but these are not immediately geometrically motivated like the diagram model or random space curve
models.

Indeed, the primary purpose of this work is to ascertain that the conjecture holds in our model;

Theorem 1 As the number of crossings n of a randomly sampled knot diagram grows large, the proba-
bility that the diagram is knotted tends to 1 exponentially quickly.

This result will follow from results on the structure of knot diagrams. However, as maps with symmetries
are comparatively not well understood, we consider objects with broken symmetry: A map together with a
choice of edge and a choice of direction is called rooted and considered up to the group of automorphisms
which preserve the root (i.e. the directed edge)—the trivial group. We will prove results for rooted knot
diagrams, which extend immediately to the unrooted case as,

#{rooted n-crossing diagrams}
4n

≤ #{n-crossing diagrams} ≤ #{rooted n-crossing diagrams}.

In fact asymptotically,

#{rooted n-crossing diagrams}
4n

= #{n-crossing diagrams}

as a result of the following theorem:

Theorem 2 As the number of crossings n of an (unrooted) knot diagram grows large, the probability that
the diagram has a nontrivial automorphism group tends to 0 exponentially quickly.

These two results answer two experimentally motivated questions posed in Cantarella et al. (2015) in
the affirmative. Indeed, Theorem 2 suggests that, for large n, experiments (c.f. Section 2.3) for unrooted
knot diagrams can be run instead on rooted knot diagrams and results will only differ by a factor of 4n.
While sampling rooted knot diagrams uniformly is still nontrivial, it is reasonably quick to generate rooted
knot diagrams of 70 crossings (but nearly impossible to tabulate even all 12-crossing unrooted diagrams).
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Fig. 4: A rooted planar map (left) and a rooted knot shadow (right).

We will denote by K the class of rooted knot diagrams, counted by the number of crossings. Unless
mentioned otherwise, going onward diagrams and shadows will be assumed rooted. We note that while the
counts of rooted link shadows (and hence rooted link diagrams) are known precisely (they are in bijection
with a class of blossom trees), the knot condition of having precisely one knot component has made it
difficult to count (or otherwise understand) K . Indeed, there are conjectures (Schaeffer and Zinn-Justin
(2004)) and computations (Coquereaux and Zuber (2015); Jacobsen and Zinn-Justin (2002); Zinn-Justin
and Zuber (2009)) of the size, but there is as of yet no closed formula for the sizes kn of Kn, the set
of knot diagrams with n crossings. That an innocuous condition like “only having one link component”
makes counting the class of maps difficult is not unusual; indeed, for meanders as well there are still only
conjectures on the asymptotics (Francesco et al. (2000)). We note that these conjectures for rooted knot
shadows and meanders are both made using intuition from 2d quantum gravity.

Both Theorem 1 and Theorem 2 are proved using a “pattern theorem,” which states that knot diagrams
almost surely contain appropriate substructure linearly often. Indeed, Sumners and Whittington’s origi-
nal proof of the Frisch-Wasserman-Delbrück conjecture for self-avoiding lattice polygons makes use of
Kesten’s Pattern Theorem for substructure in self avoiding walks. In the case of knot diagrams (or knot
shadows), the appropriate substructure is that of tangle diagrams (shadows): A 2k-tangle shadow with n
crossings is a map with n 4-valent vertices (crossings) and one boundary vertex of degree 2k. A 2k-tangle
diagram is again a tangle shadow where all (non-boundary) vertices are decorated with sign {+,−}. An
example tangle diagram can be seen in Figure 6. A tangle diagram (resp. shadow) is contained in a link
diagram (shadow) if there is some generic open disk on the sphere in which the diagram (shadow) is em-
bedded that is map isomorphic (as maps on open disks) to the interior of the tangle diagram (shadow). The
Pattern Theorem requires an additional hypothesis that the tangle can be attached to diagrams; essentially
given a diagram D in a fixed class there are sufficiently many ways to produce new diagrams in the class
which contain the tangle. Although provided appropriate constructions different types of tangle can be
attached, “connect summation” of 2-tangles (c.f. Figure 7) is sufficient to prove results on K . The full
pattern theorem for knot diagrams is then;

Theorem 3 Fix a constant c. Let P be a tangle diagram which can be appropriately attached to knot
diagrams in K (we will formally define attachment soon). Let hn be the counts of n-crossing diagrams in
K who are P -deficient; they contain fewer than cn pairwise vertex-disjoint copies of P . For 0 < c < 1
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Fig. 5: A random knot diagram with 150 crossings.

Fig. 6: A 6-tangle diagram with boundary vertex (left) and boundary vertex viewed as disk boundary (right).
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sufficiently small, there exists 0 < d < 1 so that,

hn

kn
< dn,

i.e. the diagrams in K which do not contain at least cn copies of P are asymptotically exponentially rare.

As mentioned earlier, the theorem is proved for classes of rooted knot diagrams but extend immediately
to unrooted knot diagrams as well. We will see by our attachment constructions that the Pattern Theorem
is stronger than the bare result on unknotting (Theorem 1): Not only is every large knot diagram (rooted
or unrooted) knotted, it is a highly composite knot diagram of many factors.

2 Results
2.1 The Pattern Theorem
The attachment defined in the Pattern Theorem 3 is rather technical. The Pattern Theorem itself is strongly
based on results of Bender et al. (1992) and the definition of attachment is nearly the same;

Definition Let P be a tangle diagram, and let Hn be the sets of knot diagrams in Kn who contain fewer
than cn copies of P as a subtangle. The tangle diagram P can be appropriately attached to knot diagrams
in K if there exists a (possibly larger) tangle diagram Q containing P which can be attached to each
n-crossing diagram K in H in such a way that,

1. for some fixed, positive integer k, at least bn/kc possible non-conflicting places (e.g. edge choices)
of attachment exist,

2. only diagrams in K are produced,

3. for any diagram so produced we can identify the copies of Q that have been added (i.e. we can
identify the open disk which is map isomorphic to the tangle’s interior) and they are all pairwise
vertex-disjoint, and

4. given the copies that have been added, the original diagram and the associated places of attachment
are uniquely determined.

The key piece then is the proposition,

Proposition 1 Fix a constant c. Let P be a tangle diagram which can be appropriately attached to knot
diagrams in K . Let H the class of diagrams in K who are P -deficient. Let the generating functions for
K and H be K(z) and H(z) respectively. For 0 < c < 1 sufficiently small,

r(K) < r(H),

where r(F ) denotes the radius of convergence of F . By the Cauchy-Hadamard theorem, there is the
equivalent result on the counting sequences;

lim sup
n→∞

k1/nn > lim sup
n→∞

h1/n
n .
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The proof of the proposition is nearly the same as that in Bender et al. (1992); it follows through
without much alteration for decorated maps. Appropriate attachment constructions however require that
the counts of link components remain fixed. The proposition (and hence Theorem 3) can be shown to
apply to subclasses of knot diagrams, but in the case of all of K the construction is illustrative and quite
natural; it is analogous to the connect sum operation on knots.

A 2-tangle diagram is prime if, after deleting the boundary vertex, the tangle diagram’s underlying
graph is at least 3-edge connected. Let P be a prime 2-tangle with at least 3 crossings and exactly one
link component; let Q simply be P . Then the following attachment, “connect sum,” is admissible: Given
a rooted diagram K a (non-root) edge e, and choice of direction, the attachment of Q into K is given
by deleting a (sufficiently small) open disk around the midpoint of e and replacing it by the tangle Q
and smoothing edges appropriately (so there are no degree 2 vertices). It is a fact that the knot type of a
connect sum of a diagram and a tangle is exactly the connect sum of the two knot types of the diagram
and the tangle (once closed and viewed as a diagram). An example of this operation is given in Figure 7.

(a) Diagram with
marked edge.

(b) A trefoil connect sum-
mand.

(c) After connect
summation.

Fig. 7: Connect sum of a figure eight knot to a trefoil.

Then,

1. There are 2n edges, so 2(2n− 1) locations for attachment. With k = 1, we have that

2(2n− 1) ≥ bnc.

2. The result is indeed a diagram in K ; connect sum attachment of Q does not change the number
of link components (the original diagram had one, as did the tangle Q; the two are identified after
attachment and become one link component) and the map produced is exactly 4-valent.

3. Two instances of Q must be pairwise disjoint in a knot diagram as Q is prime.

4. Diagram connect sum is reversible (this is covered in Cantarella et al. (2015)), and so the original
diagram and places of attachment can be recovered.

Indeed, this construction together with the proposition do not entirely prove Theorem 3. In fact, the last
required piece is that,

Proposition 2 The limit limn→∞ k
1/n
n exists and is equal to lim supn→∞ k

1/n
n .

This proposition is of course clear in the case of link diagrams (which are counted exactly), but not
immediate in the case of knot diagrams. The proof for the case of K is almost entirely that any two knot
diagrams can be connect summed (similarly to the above attachment construction) to produce a new knot
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diagram; some care is required however as different pairs of diagrams can connect sum to produce the
same knot diagram! It is hence useful to apply the framework of Bender et al. (1992) for proving so-called
“smooth” growth; appropriate constructions can apply to further classes of knot diagrams as well.

Altogether, this proves Theorem 3. We can now show the following corollary for rooted knot diagrams
(which is slightly weaker than Theorem 1):

Corollary 1 Let un be the number of n-crossing rooted knot diagrams which represent the unknot. Then
there exists 0 < d < 1 so that,

un

kn
< dn,

i.e. unknotted rooted diagrams are exponentially rare among rooted knot diagrams.

Proof: Let P be the 2-tangle diagram in Figure 7(b), i.e. a prime trefoil connect summand. Unknot
diagrams are certainly P -deficient (otherwise they would represent a knot type which has trefoil factors),
hence rare by Theorem 3. 2

2.2 Asymmetry
It is a theorem of Richmond and Wormald (1995) that “almost all maps are asymmetric,” for maps which
obey a pattern theorem, and indeed as we shall see their theorem applies to knot shadows. Notice then
that almost all decorated knot shadows (e.g. knot diagrams) are asymmetric (they are arguably more
asymmetric) since the decoration imposes additional constraints. Notice, for example, that the connect
summation of a tangle to a diagram at a marked edge (Figure 7) can occur in 4 different ways. Say a
tangle shadow P is free in a class of rooted knot shadows C if any knot shadow obtained by removing a
copy P1 of P from a shadow K and re-attaching P in any fashion such that the exterior legs of P match
up with the loose strands of K \ P1 is in C .

We restate their theorem as it will apply to knot shadows;

Theorem (Richmond and Wormald (1995)) Let C be a class of rooted knot shadows. Suppose that
there is a tangle shadow P such that for all knot shadows in C , all copies of P are pairwise disjoint and
such that P

1. has no reflective symmetry in the plane,

2. satisfies the hypotheses for the Pattern Theorem 3 for C , and

3. is free in C .

Then the proportion of n-crossing shadows in C with nontrivial automorphisms (that need not preserve
the root) is exponentially small.

Hence the proof of Theorem 2 then depends only on the appropriate construction.

Proof of Theorem 2: The 2-tangle shadow in figure 8 satisfies the hypotheses at is a prime connect
summand tangle shadow and is appropriately asymmetric. 2

This proves then the suppositions of Schaeffer and Zinn-Justin (2004) and Coquereaux and Zuber
(2015). It also follows that, asymptotically, there are simply 4n times as many rooted knot shadows
(or diagrams) as there are unrooted.
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Fig. 8: A 2-tangle shadow satisfying the hypotheses for the asymmetry theorem.

2.3 Sampling

As we can obtain similar results for unrooted knot diagrams that we can for rooted knot diagrams, we
can use the bijection of Schaeffer (1997) between rooted 4-valent maps and blossom trees to sample knot
shadows efficiently. This yields the following uniform sampling pipeline, which while imperfect, yields
results for sizes ten times the tabulation strategy of Cantarella et al. (2015):

1. Sample a rooted 4-valent planar map with n vertices (e.g., using PlanarMap of Schaeffer (1999)).
This can be done quickly, as the blossom trees are nearly the same as binary trees.

2. Reject until the map is a rooted knot shadow (i.e. it has one link component). This becomes expo-
nentially unlikely to succeed (because of the Pattern Theorem for link shadows).

3. For each of the n crossings of the shadow, sample a sign from {+,−}, yielding a rooted knot
diagram. This is trivial.

An example of a random knot diagram produced as such appears in Figure 5. Notice that the embedding
of the graphic is independent of the actual knot diagram object.

The following experiment produced the data of Figure 9: For each 3 ≤ n ≤ 70, sample 20000 knot
diagrams using the above procedure, skipping a sample if it does not produce a knot shadow after 150
attempts (this number is chosen arbitrarily so that the experiment could complete in a reasonable amount
of time). Classify the knot type (ignoring chirality) by calculating the HOMFLY-PT polynomial of the
diagram. The experiment took 3 hours to complete on an Intel Core2 Duo 2.5 Ghz laptop, while it took
nearly 7 days with an Amazon Cloud Messaging set up (working in parallel on 20 or so machines) to
classify precisely all of the 1.6 billion 10-crossing diagrams in Cantarella et al. (2015). We note that
indeed we take fewer samples in this present experiment, but that it is regardless required of the tabulation
scheme that every diagram be tabulated (or else the sampling measure would not be uniform). The power
is hence that we need not count the entire space (of rooted knot diagrams) to estimate results therein.

Notably, the data shows (as expected) that the unknot ratio (indeed, the ratio of all fixed knot types
observed) tends to zero exponentially quickly. Furthermore, there is a point at around 40 crossings where
the ratio of trefoils surpasses that of unknots. Indeed, we show in the full version Chapman (2016) that
no one knot type is most common for all time.
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Fig. 9: Number of successful samples (left). Plot of various knot types recorded during sampling (right).

3 Conclusion
We have covered some of the results for general knot shadows and knot diagrams. However, the ma-
chinery permits more (provided appropriate constructions). For example, we provide a proof in the full
version (Chapman (2016)) of the Pattern Theorem (and beyond) for subclasses of knot diagrams; reduced
diagrams, who are at least 2-vertex connected, and prime diagrams, who are at least 4-edge connected.
Respectively these two subclasses refer to diagrams without “nugatory crossings” whose crossing sign
does not affect knot type and diagrams who cannot be realized as a diagram connect sum of two smaller
diagrams, and are interesting topologically.

As well, the topological map language enables one to prove further results for different kinds of knot
diagrams. For example, by instead considering knot shadows on orientable surfaces of arbitrary genus
(rather than simply the sphere), one arrives at the class of virtual knot diagrams of Kauffman (1999). We
note that Gauss diagrams describe knot diagrams of arbitrary genus, while planar decorated planar link
diagrams describe spherical diagrams of arbitrarily many link components. Trying to restrict either to
spherical knot diagrams is difficult.

As the Frisch-Wasserman-Delbrück conjecture holds for the random diagram model, it is hoped that
the powerful tools that exist for maps on surfaces can be applied to prove further results for the random
diagram model which are physically relevant.
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