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Elliptic rook and file numbers

Michael J. Schlosser'l and Meesue Yool

! Fakultéit fiir Mathematik, Universitdt Wien, Austria

Abstract. In this work, we construct elliptic analogues of the rook numbers and file numbers by attaching elliptic
weights to the cells in a board. We show that our elliptic rook and file numbers satisfy elliptic extensions of corre-
sponding factorization theorems which in the classical case were established by Goldman, Joichi and White and by
Garsia and Remmel in the file number case. This factorization theorem can be used to define elliptic analogues of
various kinds of Stirling numbers of the first and second kind as well as Abel numbers. We also give analogous results
for matchings of graphs, elliptically extending the result of Haglund and Remmel.

Résumé. Dans cet article nous construisons des analogues elliptiques des nombres de tour (rook numbers) et des
nombres de file (file numbers), en attachant des poids elliptiques aux cases d’un damier. Nous montrons que nos
nombres elliptiques de tour et de file satisfont des extensions elliptiques des théorémes de factorisation correspondants
établis dans le cas classique par Goldman, Joichi et White, et par Garsia et Remmel dans le cas des nombres de file. Ce
théoréme de factorisation peut étre utilisé pour définir des analogues elliptiques de différentes sortes des nombres de
Stirling de premiere et de deuxieme especes, et des nombres d’ Abel. Nous donnons également des résultats analogues
pour les appariements de graphes, en étendant elliptiquement le résultat de Haglund et Remmel.

Keywords. rook numbers, file numbers, elliptic analogues, r-Stirling numbers, perfect matchings

1 Introduction to rook theory

The theory of rook numbers was introduced by Kaplansky and Riordan [[KR46] in 1946 and since then it
has been further studied and developed by many people. We start with reviewing the g-analogue of the
rook theory developed by Garsia and Remmel [[GR86] and the j-attacking model of Remmel and Wachs
[RWO04], then extend it to the elliptic case. This is an extended abstract of [SY].

Let N denote the set of positive integers. We consider N x N grid and label the columns with 1,2, ...
from left to right and also the rows from bottom to top. Let (i, j) denote the cell in the column ¢ and row
7 in N x N grid. A finite subset of N x N grid shall be called a board.

For a given sequence of nonnegative integers (b1, ..., b,), we let B(by, ..., b,) denote the set of cells

B(byy... bn) ={(,7) 1 <i<n,1<j<b}.

If a board B can be represented by the set B(by, .. ., b, ) for some b;’s, then the board B is called a skyline
board. Furthermore, if those b;’s are nondecreasing, then the board B = B(by,...,b,) is called a Ferrers
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board. Given a board B, we say that we place k nonattacking rooks in B to mean that we choose a k
element subset of B such that no two cells have a common coordinate. That is, no two rooks lie in the
same row or column. Let NV} (B) denote the set of nonattacking rook placements of k rooks in B. Then
the k-th rook number 7, (B) is defined to be ri(B) = |Nx(B)].

To define the g-analogue of r(B), we consider a Ferrers board B = B(by,...,b,), with 0 < b; <
-++ < by. Given a k rook placement P € N (B), we define a rook cancellation. Namely, a rook cancels
all the cells to the right in the same row and all the cells below it in the same column. Given a placement
P, let up(P) denote the number of cells in B — P which are uncancelled by any rooks in P. Garsia and
Remmel [GR86] defined the g-analogue of the k-th rook number by

(B = Y, g7

and proved the g-analogue of the product formula of Goldman, Joichi and White [GJW75]

n

[Mlz+0:—i+1]g=> rui(zB)[2lg e, (1.1)
k=0

i=1

where [n], = 1=2 and [n], Jx= [n]gln — 1], - [n — k + 1],

Remmel andl“(/zachs [RWO04]] considered more generalized case by introducing the j-attacking model.
For a fixed integer j > 1, we say that a Ferrers board B(by,...,b,) is a j-attacking board if for all
1 <i<mn,b; #0implies b;y1 > b; +j — 1. Suppose that B(by, ..., b,) is a j-attacking board and P is
a placement of rooks in B(by, ..., b,) which has at most one rook in each column of B(by,...,b,). For
any individual rook r € P, we say that r j-attacks a cell ¢ € B(by, ..., by,) if c lies in a column which is

strictly to the right of the column of r and c lies in the first j rows which are weakly above the row of r
and which are not j-attacked by any rook which lies in a column that is strictly to the left of r. Figure
shows an example of j-attack when j = 2. The cells which are attacked by the rook r; are denoted by ¢
in the cell. Let a rook r in B(by,...,b,) cancel the cells below it and the cells which are attacked by r.
Given a j-attacking board, we let \j (B) be the set of all placements P of k j-nonattacking rooks in B.

1
ril|l
l Iy

D[ DD wiw

D[ DD
DO DN

Fig.1:j = 2, B = B(1,2,3,5,7,8,9).

Let B = B(b1,...,b,) be aj-attacking board. Then for any placement P € N} (B), denote the number
of uncancelled cells in B — P by w);(P). Then define the g-rook number of B by

rh@B)= Y g
PeN}(B)
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Remmel and Wachs [RWO04] proved the following product formula

n

H[Z+b _] Z_l Zrn k Q7 \Lk,p (12)

i=1

where (2], Jo,j= 1 and for k > 0, [2]q x ;= [2]4[z —jlq- -~ [# — (k — 1)j]. Note that we recover the
product formula of Garsia and Remmel in the case j = 1. In this work, we establish an elliptic analogue
of the product formula (T.2).

2 Elliptic Analogues

A function is called elliptic if it is meromorphic and doubly periodic. Define a modified Jacobi theta
function with argument x and nome p by

O(w;p) == [[(1=p2)1=p* /@), (a1, wmsp) = H (z;p

Jj=0

where z, x1, ..., T, # 0, |p| < 1. Further, we define the theta shifted factorial by

[1:2, 0(ag”;p), n=12...,
(a; Q7p)n = 1, n = 0’
V| iy " 0(agmtE; p), n=-1,-2,...,
and (a1, az,...,am;q,P)n = lel(ak; q, P)n, for compact notation. For p = 0 we have 6(z;0) = 1—x

and hence, (a; q,0), = (a; q), is a g-shifted factorial in base q. Refer to [GR04] for further details. The
parameters ¢ and p in (a; q,p), are called the base and nome, respectively. One of the properties that
modified Jacobi theta functions satisfy is called the addition formula

0(xy, z/y, uv, u/v; p) — 0(zv, z/v, wy, u/y; p) = — O(yv, y/v, vu, z/u; p),
y

which is essential in the theory of elliptic hypergeometric series.

Inspired by earlier work of the first author regarding weighted lattice paths and elliptic binomial co-
efficients [Sch07, [Schl, we define the elliptic weights wg p.q.»(k) and Wy p., (), called small and big
weights, depending on two independent parameters a and b, base ¢, nome p, and integer k by

1 = 0@, bg", ag* =2 b p)
Wabig,p(K) = 0(aq® 1, bq"+2, ag* [bip)

9(aq1+2ka bQ7 bq27 aq_l/ba a/bvp) k
0(aq, bg"+1,bg"+2, agk—1/b, aqk/b;p)q ’

(2.1a)

Wabiq,p(k) = (2.1b)
respectively. Observe that if k is a positive integer, Equations (2.1a) and 2.1b) imply that W, 4., , (k) =
Hle Wa,big,p(7)- Also, if weletp — 0,a — O0and b — O in thls order (orp — 0,b— 0and a — 00),
then we recover the original g-weights wp o.4,0(k) = ¢ and W 0.4.0(k) = ¢".
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Remark 2.1 The small weight we p.q.»(k) (and so the big one) is indeed elliptic in its parameters, i.e.,
totally elliptic. If we write ¢ = €>™, p = e*™", a = ¢ and b = ¢° with complex values o, T, o, B and
k, then the small weight wq .4 ,(k) is periodic in o« with period o=, A simple computation further shows
that W p.q., (k) is also periodic in o with period To~". The same applies to wq p.q »(k) as a function in

B (or k) with the same two periods o~ and To~".

Now we define an elliptic number ()4 p.q.p DY

0(q*, aq*, bq*, a/b; p)
q,aq,bg*+ ag*=1 /b;p)’

[2]a,biap = i (2.2)

Using the addition formula for theta functions, it is not difficult to verify that the elliptic numbers satisfy
[2)abiap = [2 = Uabiap + Wapiap(z — 1)
We remark that in [Schl, the first author defined the elliptic binomial coefficients

1+k 1+k b 14k 1-k b: B
|:n:| — (q ,aq ,0q , aq / aQ7p)n k (23)
a,b;q,p

(q,aq,bq* 2% aq/b; q, p)n—k

and provided a combinatorial interpretation in terms of weighted lattice paths in Z2. More precisely, (2.3)
is the area generating function for paths starting from (0,0) and ending in (k,n — k) using north and
east steps only, when the weight of each cell, with (s, ¢) being the coordinate of north-east corner, below
the path is defined to be wggs-1 pg2:-2,4 ,(t). The elliptic number [1]4,4;4,, is nothing but a short-hand

notation for EL] , the weighted enumeration of all paths starting from (0, 0) and ending in (1,n—1).
a,b;q,p
Now we construct an elliptic analogue of the g-rook theory. Given a j-attacking board B = B(by, ..., b,)

and a placement P € N} (B), let UL(P) be the set of uncancelled cells in B — P. We define the elliptic
analogue of the k-th rook number of B by

ri(a,big,p;B) = Y wt(P),
PeN](B)

where _
U)t](P) - H wa,b;q,P(j(S - 1) +1—-t— jr(s,t) (P))7
(s,t)eUL(P)

and r(, 4y(P) is the number of rooks in P which are in the north-west region of (s, 7).

Theorem 2.2 Let B = B(b,...,b,) be aj-attacking board. Then we have

n
H[Z +bs —i(5 = 1)] g2 s=1)=b0) pgits=—=bs g p
s=1
n k
=> 1) (a,bq.pB) [ [z = it = Dlagaic- pgiti-1g-  (24)
k=0

t=1
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Let ri(a, b; ¢, p; B) denote r,ﬁ(a, b; g, p; B) in the case when j = 1. Then Theoremgives an elliptic
analogue of the product formula of Garsia and Remmel (I.1)

n

n
H[z+bs_S+1]aq2(5*1*b5)’bq5*1*b5;q’p = E rn—k(a'a b7Qap7
s=1 k=0 t:1

Ex-

t—l—laqz(t D bgt—1:q.p- 2.5)

Proof: It suffices to prove the theorem for nonnegative integer values of z > jn. We consider the extended
board, denoted by B,, by attaching z rows of width n below the board B. We consider nonattacking
placements of n rooks in B, and compute the sum

> wi(P),

PeN} (B.)
where A
Wt](P) - H wa,b;q,p(j(s - 1) +1—-1t— jr(s,t) (P))7
(s,;t)eUL_(P)
in two different ways to derive (2.4). We omit the details. O

2.1 Elliptic analogue of generalized Stirling numbers of the second kind

The generalized (p, q)-Stirling numbers of the second kind S’L’k (p, q) were introduced by Remmel and
Wachs in [RWO04], (here we use “p” to differentiate the notation from the nome p in the elliptic functions),
which are defined by

Shap(Pra) =T EIS (pg) + 0Dk + iy, S, (8, 9), 26)

with Sé’fo(p, q) = 1and S’:L’fk(p, q) = 0if k < 0 or k > n. Moreover, they satisfy

n - oy z(n— n—k+1
i, = D 80 e
k=0

Note that we recover the original Stirling numbers of the second kind wheni = 0,j = 1, p = 1 and
q = 1, and the g-analogue in the casei = 0,) = 1 and p = 1. Here, we set p = 1 and use the notation

Sul@) = Si(1) and 4 (0) = Sy (1,q) for S5 (0) = ¢+ EIS (q).
Let Bijn = B(i,i+],i + 2], ..., i+ (n = 1)j). In [RW04], Remmel and Wachs showed that
S (@) = 1 (a; Biyn)-

We use Bi ; , in (2.4) to define an elliptic analogue of 5’;’,6((1) For B; j p, the product formula becomes

k
([z + iag—2t pg—t:g.p Zr (a,b;q¢,p; Bijn H 2 =it = 1)]4g210-1) pgit=1).4 p- 2.7
t=1
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If we define 52?1@(“’ b;q,p) = 1),_,(a,b;q,p; Bijn), then up to whether there is a rook or not in the last
column of B; j ,,, we get the following recursion

Snji-l k(aa b; Q7p) = VVaq*Q‘,bq*‘;q,p(i + (k - 1)])5 J— 1(0’ b q, p) [1 + kj]aq*m,bq*i;q,pg:«:jk(a7 b; Q7p)

In [RWO04], they develop combinatorial interpretation for S:l’j (@) in terms of permutation statistics, col-
ored partitions and restricted growth functions. We can modify their g-weight function to elliptic function
to give a combinatorial interpretation for S, (a, b; ¢, p) where

S (U, b q, p H _Qi,bq_‘;q,p(i+ (.7 - 1)]) S;;fk(chbvqap)

2.2 Elliptic r-restricted Stirling numbers of the second kind

The r-restricted Stirling numbers of the second kind, which we denote by SU")(n, k), are defined in
[Bro84], for all positive integer r, by the number of set partitions on [n] into k blocks such that the first
r numbers 1,2, ..., r are in different blocks. Note that the case » = 1 (or » = 0) gives the usual Stirling
numbers of the second kind. These numbers admit a rook theoretic interpretation if we consider the board
Stgf) = B(0,...,0,7,7+ 1,...,n — 1) of n columns, with the first r columns being empty. A rook
placed in the (7, j) cell implies that the elements ¢ and j are in the same block, and the numbers which
have not been put in any blocks by rooks compose single element blocks. Then it is not difficult to see
that each configuration of 7 — k nonattacking rooks on Stg) can be associated to a partition of [n] into k
blocks such that each of the first » numbers 1,2...,r is in a different block, and vice versa.

We can use the board St in to define an elliptic analogue of S(")(n, k). For b; = 0 for i =
1,...,randb; =i —1,fori =r+1,...,n, 23) becomes

r n k
([Z]a’lﬁq,ﬁ)nir H[Z —i+ 1]aq2(i*1),bqi*1;q,p = Z rn*k(a7 b; q;P; St(r) H z—j+ 1 aq2(J 1) bgi—1;q,p*
i=1 k=0 j=1
Let Sgg " p(n, k) denote 1, (a, b; ¢, p; Stg)) to be the elliptic r-restricted Stirling numbers of the second

kind. By considering whether the last column contains a rook or not, we get the recursion

S(")

a,b;q,p

(n+1,k) = Wapsgp(k = DS (k= 1) + [Klabig Sy

a,b;q,p

(n, k).

(n, k) with the initial conditions S, (r)

This recursion can characterize S (r) o b ap

a,b;q,p
ork >n, andS(qup( -1l,r—1)=1

(n,k)=0fork <r—1

3 Elliptic file numbers

In this section, we consider an elliptic analogue of file numbers introduced by Garsia and Remmel.
Given a board B C [n] x N, let F;(B) be the set of placements @) of k rooks in B such that no two

rooks in @ lie in the same column. We refer to such a @) as a file placement of k rooks in B. Thus in

a file placement (), we do allow the possibility that two rooks lie in the same row. Given a placement
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Q € Fi(B), we let each rook in @) cancel all the cells below it in B. Let ug(Q) be the number of cells in
B — @ which are not cancelled by any rook in (). Then the g-file numbers are defined by

B = > ¢=@. 3.1
QEFk(B)
Garsia and Remmel proved that for any skyline board B = B(cy, ..., ¢y), the g-file numbers satisfy
H[Z+Ci]q = an,k(q; B)([Z]q)k‘ (3.2)
i=1 k=0

We can define an elliptic analogue of the g-file numbers by assuming the same rook cancellation as in the
q-case and by assigning elliptic weights to the uncancelled cells.
Given a skyline board B = B(cy, ..., c,), we define the elliptic analogue of the k-th file number by

fela,big,pi B) = Y witf(Q), (3.3)

QEFr(B)

where
wtf(Q) = H Wa,biq.p(1 = J),
(,)€UB(Q)

and Ug(Q) denotes the set of uncancelled cells in B — @ by any rooks in Q.
Theorem 3.1 For any skyline board B = B(c1, . .., c¢,), we have

n

H[Z + ci]aq*%i,bq*ci;q,p = Z fnfk(aa b; q,p; B)([Z}a,b;q,p)k- (3.4)
k=0

i=1

Proof: We consider the extended board B, by attaching an [n] x [z] board below the board B and consider
the n-file placements F,,(B,) in B,. Then (3.4) can be proved by computing the sum

> wtr(Q) (3.5)

QEFn(B:)

in two ways. The left-hand side of computes the above sum by placing rooks column by column.
Since the elliptic weight used to define wt;(Q) does not depend on the column coordinate of the uncan-
celled cells, the weight sum in (3.3) is the product of the weight sum coming from the possible placements
in each column, which is exactly the left-hand side of (3.4). The right-hand side computes (3.3)) by con-
sidering the file placements in B and in the extended part separately. O

3.1 Elliptic r-restricted Stirling numbers of the first kind

The r-restricted (signless) Stirling numbers of the first kind, denoted by ¢(") (n, k), are defined, for all
positive r, by the number of permutations of the set {1,...,n} having k cycles, such that the numbers
1,2,...,r are in distinct cycles. For r = 1 (or r = 0) they reduce to the usual Stirling numbers of the
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first kind. In [Bro84], these Stirling numbers are treated in details and it is shown that ¢(") (n, k) have the
generating function

Z(T)nk (z4+r)(z4+r+1)---(z+n—-1), n>r>0, 3.6)
0, otherwise. ’

We can obtain this generating function from ( in the case ¢ — 1 by considering the board St(T
B(ci,...,cp) withe, =0fori =1,...,r andcl =1¢—1,fore =r+1,...,n. Thus we can identify
¢(")(n, k) with f,_(1;5t")). We can even construct a bijection between file placements of n — k rooks
in Stg) and permutations of n numbers with £ cycles, such that 1,2, ..., 7 are in distinct cycles.

We can define an elliptic analogue of the r-restricted Stirling number of the first kind by using the board
St in (3.4). Then the generating function would be

Z)abig.p) H [z4+7r+i— ]aq2(1 ir) pgl—i-r an x(a,b;q,p; St " )([z]a7b;q7p)k. (3.7)
i=1 k=0
Let cffl), .q.p(1, k) denote fi,_x(a, b;q, p; St ") ). By distinguishing whether there is a rook or not in the last
column, we get the recurrence relation of c((l big. p(n k), namely
¢ p (1 LK) = []ag-2n pgniqpel ) (0, k) + Wag-2n pgnigp(n)e) (n,k —1).

(r)

This recurrence relation can be used to characterize ¢, ;.. (1, k) with the initial conditions

q9,p

c((lr,l)j;(17p(717 k)=0 fork<r—1lork>n, and ng);;q,p(r —1,r—1)=1

3.2 Abel boards and weighted forests

Let A,, denote the Abel board, the [n — 1] x [n] board with column heights (0, n,...,n). For the board
A,,, the product formula involving the file numbers (3.2, when ¢ — 1, becomes

z2(z+n)" anklA

These polynomials are a special case of the general Abel polynomials z(z + an)”~!. The coefficient
fa-k(L;AL) = tor = (RZ1)n"* counts the number of labeled forests on n vertices composed of &
rooted trees. Goldman and Haglund explained this equality bijectively in [GHOO] and we have established

our own bijection as well. For the Abel board A,, the product formula in Theorem [3.1becomes

n
[2)a,bign([z + n]aq*Q",bq*":,q,p)n_1 = Z fr—k(a,b;q, p; An)([z}a,b;q,p)k- (3.8)
k=0
We can interpret the coefficient f,,_(a, b; g, p; Ay,) as the weighted sum of labeled forests on n vertices
composed of k rooted trees, by assigning elliptic weights on the branches and vertices of the rooted trees
in the process of constructing the bijection. The coefficients in (3.8]) have a nice closed form

n—1 k-1 n—k
fn_k(a7 b; q, D; An) = <k _ 1) (Waq72n’bq77z;q,p(n)) ([n]aq72n7bq7n;q’p> 5 (3.9)
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which can be proved by considering the file placements in A,,.

We can furthermore consider the case of r-restricted Abel boards Agf) = B(0,...,0,n,...,n) which
consists of r columns of height zero and n — r columns of height n. The file number for this board
Fooi(1;A) equals (R=7)n"~* which counts the number of labeled forests on n vertices composed of
k rooted trees such that the numbers 1, 2, ..., r are in distinct trees and the » — 1 numbers 2, ..., r are the
roots. For the r-restricted Abel board Agf) the product formula in Theorem Mbecomes

n
([Z}a,b;q,p)r([z + n]aqu’”,bq*";q,p)n_r = Z fn—k(aa b; q,D; A%T))([Z]a,b;q,p)k~ (310)
k=r—1

The coefficients in (3.10) have a nice closed form

-T n—k

IS n k—r
frn—r(a,b;q,p; Agl )) = (k ) (Waq72n7bq7n;q7p(n)> ([n]aq72n7bq7n;q7p) . (3.11)

—-Tr

4 Rook theory for matchings

Haglund and Remmel [HRO1]] extended the rook theory by replacing permutations with perfect matchings.
Rather than [n] X [n] which corresponds to the board for permutations, consider the following board By,
described in the left of Figure 2| Note that any rook placement P in [n] x [n] is a partial permutation
which can be extended to a placement P, corresponding to some permutation o € S,,. For the board By,
we replace permutations by perfect matchings of the complete graph K5, on vertices 1,2, ...,2n. That
is, for each perfect matching M of K, consisting of n pairwise vertex disjoint edges in K5,,, we let

P]M :{(i?j)|i<jand {Zvj} GM}

where (i, j) denotes the cell in row 7 and column j of By, according to the labeling of rows and columns
pictured in Fig.[2] We now define a rook placement to be a subset of some Py for a perfect matching
M of Ks,. Given a board B C Bs,,, we let M (B) denote the set of k£ element rook placements in B.
The analogue of a skyline board in this setting is a board B(ay,as,...,a2,-1) = {(i,i +7) |1 <i <
2n — 1,1 < j < a;}. Itis called a shifted Ferrers board if 2n — 1 > a1 > ag > -++ > agp—1 > 0 and
the nonzero entries of a;’s are strictly decreasing. A rook in (4, j) with 4 < j in a rook placement cancels
all cells (4, s) in Bay, with i < s < j and all cells (¢, j) and (¢, ) with ¢ < ¢. The picture in the right-hand
side in Figure 2] shows an example of rook cancellation.
Given a shifted Ferrers board B = B(az, ..., a2,-1) C Ba,, define

mi(g;B) = Y q'*?),
PGMk(B)

where u g (P) is the number of cells in B — P which are not cancelled by any rook in P. In this setting,
Haglund and Remmel [HRO1]] proved the product formula

2n—1 n

I Iz + azn—i — 2 + 2y = > my(q: B)[2] Han—1-+ 4.1

i=1 k=0

where [2]q L= [2lg[z — 2]¢ -+ [z — 2k + 2],
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2 3 - - - onl2n 2 345 6 78
1 1 L] L]
2 2 ° °
3 ° .
4 o | e ><
5
2n-2 6
2n-1 L 7 L

Fig. 2: Bs,, and the rook cancellation by a rook in (4, 7)

We generalize the board Bs,, and construct an elliptic analogue of the product formula which includes
an elliptic extension of {@.I). Let 1 = (I1,...,ly) be a fixed N-dimensional vector of positive integers.
Define L; = Y 7_ s, sothatl; = L; — Lj_4, for 1 < j < N with Ly = 0. The l-shifted board,
denoted by B!, is an extension of By, with N rows and Ly = I; + --- + Iy columns as described
in Figure A rook placed in B, say r € (4,j), attacks the cells in the same row, the same column,

2 3 .- : : : Ly+1

i ]

In+1 T
N
lN+lN_1+]. I
N-1
IN+...+l3+]
IN+. .. +l3+lo+1 I
2 N——
b

Fig. 3: BY.

and the cells in the column 7. We can interpret a rook placement in B}V in the following way. We
call a labeled graph of at most Ly + 1 vertices from the set {1,2,..., Ly + 1} lazy with respect to
1= (ly,...,In) (or, an l-lazy graph, in short) if it only contains edges (¢, j) for ¢ < j when i is of the
formiy 4+ +Iny_sy1+1 =Ly —Ly_s+1fors € {0,1,...,N — 1}. Then a k-rook placement on
BY, is a k-matching of K} ,, the complete 1-lazy graph on Ly + 1 vertices. Given a board B C B,
we let M} (B) denote the set of k rook placements in B. An l-shifted skyline board is a board of the form
B(al,ag,...,aN) = {(LN — LN,iJrl + 1, Ly — LN,iJrl +1 +j) | 1< <N,1<j5< ai}. Itis
called an l-shifted Ferrers board if Ly > a1 > as > -+ > an > 0 and the nonzero entries of a; satisfy
a; — a;y1 > Inyy1—; for1 <i < N — 1. Arookin (7, j) with ¢ < j in a rook placement cancels all cells
(i,s) in B\, withi < s < j and all cells (¢, 7) and (¢,4) in B}, with t < i.
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Now we work out an elliptic analogue. We assume the same rook cancellation. However, for the
purpose of conveniently computing the elliptic weights of cells, we label the columns from 1 to Ly, from
right to left, and label the rows from 1 to /N from the bottom. When we use this labeling, we denote the
board by “BY, and use (i, 7)™ to denote a cell with respect to this labeling.

Given an l-shifted Ferrers board B = B(ay,...,ay) C B and a rook placement P € /\/l,(cl) (B), let
UL (P) denote the set of uncancelled cells in B — P by any rooks in P. Define

Wt (P) = Y Wapgp (47— 1 =1 = 2r5(P) = 56,5 (P)) , (4.2)
(i.4)= €UL(P)

where the elliptic weight wy 1.4, (1) of an integer [ is defined in 2.1a)), r(; ;)(P) is the number of rooks in
P positioned south-east of (¢, 7)™ such that the two columns cancelled by those rooks are to the right of

the column j, and 5; ;) (P) is the number of rooks in P which are in the south-east region of (3, j)* such
that only one cancelled column is to the right of column j. Then we have the following theorem.
Theorem 4.1 For an l-shifted Ferrers board B = B(ay, . ..,ayn) C BY,, define
m,(cl)(a7 b;q,p; B) = Z Wty (P). (4.3)
PeML(P)
Then we have
N
H[z +an—it1 — 21+ 2]aq2(Li71+i71—aN7i+1)7qui,1+i71—aN7i+l;q’p
i=1
N N—k
1
= ngﬁ)(a,b;q,p, H Z—2j +2 2( j71+j—1)$quj71+j—1;q’p. (44)
k=0 j=1
Remark 4.2 [fwelet N =2n—1andl= (1,1,...,1), then @4) becomes
2n—1
H [Z + agp_i — 21+ 2]aq2(21727a2n,i)7bq2i727a2",i;q’p
i=1
= S D (g, b g, ps B) H (2= 25 + 2aqti-tpg2i-2qp (4.5)

k=0 j=1
which becomes an elliptic analogue of the product formula of Haglund and Remmel (4.1). We can derive
H?z;l[agn i+2n— 27,] PRim2maan_i) pe2i—2—azn_i,
mglm ..... 1)(a,b;q,p;B) _ 1l = q 12,P
Hz 1 [277,—21] 4i—4 pq2i=2:q.p
which, in the case of the full shifted Ferrers board B = Bs,, = B(2n—1,2n—2,...,1), gives the elliptic
enumeration of perfect matchings on Koy,
2n—1 ,
Hizl [2n — Z]aq2i—4’bqi—2;q7p
1 i
H?:l [2n — 2i]ggai-4 pgi-2,,p

= [QTL — 1}aq*2,bq*1;q,p[2n — 3]aq2,bq;q,p ces [l]aq4n—6’bq2n—3.

3

m{bbo (a,b; g, p; Bon) =
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Proof of Theorem We extend the board BY; by attaching z many columns of height N to the right
of BY; and denote it by B}V,z‘ We consider N-rook placements in B}V,z and define the rook cancellation

in BY , so that each rook cancels two columns in the rows above the row containing that rook. Then @-4)
is the result of computing the sum
> wtn(P)

PGNN(B}LZ)

in two different ways, where wt,, (P) is the product of weights of uncancelled cells in B}V,z — P. We
omit the details of the proof. O

References
[Bro84] Andrei Z. Broder. The r-Stirling numbers. Discrete Math., 49(3):241-259, 1984.

[GHOO] Jay Goldman and James Haglund. Generalized rook polynomials. J. Combin. Theory Ser. A,
91(1-2):509-530, 2000. In memory of Gian-Carlo Rota.

[GIW75] Jay R. Goldman, J. T. Joichi, and Dennis E. White. Rook theory. I. Rook equivalence of Ferrers
boards. Proc. Amer. Math. Soc., 52:485-492, 1975.

[GR86] A. M. Garsia and J. B. Remmel. )-counting rook configurations and a formula of Frobenius.
J. Combin. Theory Ser. A, 41(2):246-275, 1986.

[GRO4] George Gasper and Mizan Rahman. Basic hypergeometric series, volume 96 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, second edition,
2004. With a foreword by Richard Askey.

[HRO1] J. Haglund and J. B. Remmel. Rook theory for perfect matchings. Adv. in Appl. Math., 27(2-
3):438-481, 2001. Special issue in honor of Dominique Foata’s 65th birthday (Philadelphia,
PA, 2000).

[KR46] Irving Kaplansky and John Riordan. The problem of the rooks and its applications. Duke Math.
J., 13:259-268, 1946.

[RW04] J. B. Remmel and Michelle L. Wachs. Rook theory, generalized Stirling numbers and (p, q)-
analogues. Electron. J. Combin., 11(1):Research Paper 84, 48, 2004.

[Sch] Michael Schlosser. A noncommutative weight-dependent generalization of the binomial theo-
rem. preprint, arXiv:1106.2112.

[Sch07] Michael Schlosser. Elliptic enumeration of nonintersecting lattice paths. J. Combin. Theory
Ser. A, 114(3):505-521, 2007.

[SY] Michael Schlosser and Meesue Yoo. Elliptic rook and file numbers. preprint,
arXiv:1512.01720.



	Introduction to rook theory
	Elliptic Analogues
	Elliptic analogue of generalized Stirling numbers of the second kind
	Elliptic r-restricted Stirling numbers of the second kind

	Elliptic file numbers
	Elliptic r-restricted Stirling numbers of the first kind
	Abel boards and weighted forests

	Rook theory for matchings

