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Categorifying the tensor product of the
Kirillov-Reshetikhin crystal B! and a
fundamental crystal

Henry Kvinge'[' and Monica Vazirani'f

' Mathematics Department, One Shields Ave, Davis, CA 95616

Abstract. We use Khovanov-Lauda-Rouquier (KLR) algebras to categorify a crystal isomorphism between a funda-
mental crystal and the tensor product of a Kirillov-Reshetikhin crystal and another fundamental crystal, all in affine
type. The nodes of the Kirillov-Reshetikhin crystal correspond to a family of “trivial” modules. The nodes of the fun-
damental crystal correspond to simple modules of the corresponding cyclotomic KLR algebra. The crystal operators
correspond to socle of restriction and behave compatibly with the rule for tensor product of crystal graphs.

Résumé. Nous utilisons Khovanov-Lauda-Rouquier (KLR) algébres a categorifier un cristal isomorphisme entre un
cristal fondamental et le produit tensoriel d’une Kirillov-Reshetikhin cristal et un autre cristal fondamentale, le tout
dans le type affine. Les noeuds du cristal Kirillov-Reshetikhin correspondre a une famille de modules “triviales”. Les
noeuds du cristal fondamental correspondre a des modules simples du correspondant cyclotomique algebre KLR. Les
opérateurs de cristal correspondent a socle de la restriction et comporter la compatibilité avec la régle pour le produit
de tenseur des graphes de cristal.
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1 Introduction

Kang-Kashiwara [9] and Webster [23]] show the cyclotomic Khovanov-Lauda-Rouquier (KLR) algebra
R? categorifies the highest weight representation V' (A) in arbitrary symmetrizable type. (KLR algebras
are also known in the literature as quiver Hecke algebras.) By a slight abuse of language, we will say the
combinatorial version of this statement is that R* categorifies the crystal B(A), where simple modules
correspond to nodes, and functors that take socle of restriction correspond to arrows, i.e. the Kashiwara
crystal operators [16]. Webster [23] and Losev-Webster [[18] categorify the tensor product of highest
weight modules, and hence the tensor product of highest weight crystals. However, one can consider a
tensor product of crystals

B® B(A) ~ B(A") (1)
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where A, A’ € Pt are of level k and B is a perfect crystal of level k. We (combinatorially) categorify
the crystal isomorphism () in the case A = A; is a fundamental weight and B = B! is a Kirillov-
Reshetikhin crystal. In other words, our main theorems give a purely module-theoretic construction of
this crystal isomorphism. (One must modify the form of the crystal isomorphism in the case B! is not
perfect or when A; is not of level 1.) Each node of B! corresponds to an infinite family of “trivial”
modules, but note this does not give a categorification of B. These “trivial” modules 7},; are the KLR
analogues of the nodes in highest weight crystals studied in [21].

If we apply Theorem [6.3]to iterating (IJ), this corresponds to constructing a simple module as a quotient
of IndT}, .k, M- X T, ... In type A, this is somewhat intermediate between the crystal operator
construction and the Specht module construction. See [22] for details. This paper also describes how
socle of restriction interacts with the construction. One can also recover the paper’s results for finite type
whose Dynkin diagram is a subdiagram of that of type X, studied here. For a construction of simple
modules related to the crystal B(oo) for finite type KLR algebras see [2].

This paper generalizes the theorems and constructions from [22] for type A affine.

2 Background and notation

2.1 Cartan datum

Fix an integer £ > 2. X, will be one of the following types: Agl), Cél), Agi), Aé?*, Déi)l, Dél),
Bél), and Aéill. I ={0,1,...,¢} will denote the indexing set. Let [a;;]; jer denote the associated

Cartan matrix. We direct the reader to [7] for the explicit matrices. Following [7] we let ) be a Cartan

subalgebra, [] = {a, ..., ay} its system of simple roots, [[” = {ho, ..., hs} its simple coroots, and Q
the root lattice. Then set QT = @ Z>oc;. For an element v € QT, we define its height |v| to be the
icl
sum of the coefficients, i.e. if v = Ziel v;a; then
lv| = Z v;.
iel

There is a canonical pairing ( , ) : h x h* — C with a;; = (h;, ;). Using this pairing we define the
fundamental weights {A; | i € I} via (h;, Aj) = 6;;. The weight lattice is €, ; ZA; and the integral
dominant weights are Pt = @ZzoAi- We also have a symmetric bilinear form (, ) : h* x b* — C,
iel
2 iy g
satisfying a;; = M and (o, ;) € 2Z~y.
(aiv al)

For the Dynkin diagrams of the types under consideration we direct the reader to [7].

2.2 The tensor product of two crystals

We refer the reader to [L1] for the definition of a crystal. Let By and By be two crystals with nodes
by € By and by € By. We recall that the crystal structure on the tensor product By ® Bs is given by
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~ e ) . s if o > 0
gi(h@bz)_{ezbl@bz ifei(b1) > ilba) {fzb1®b2 if e5(b1) > i(bo)

~ . (b1 @ by) = ~ ]

b1 ®eiba  ifg;(b1) < pi(b2) filbr @ o) b1 @ fiba ife;(b1) < pi(b2).
2

Given a crystal B, we can draw its associated crystal graph with nodes (or vertices) B and I-colored

arrows (directed edges) as follows. When e;b = a (so b = ﬁa) we draw an i-colored arrow a — b. We
also say b has an incoming i-arrow and a has an outgoing i-arrow.

2.3 Perfect crystals and Kirillov-Reshetikhin crystals

2.3.1 Type A

In type Aél), the highest weight crystal B(A;) has a model with nodes the (¢ + 1)-restricted partitions,

ie. A= (A1,...,A\¢) such that A, € Z>0,0 <\, — A\, < £+ 1forall r. Let BY! be the crystal graph

0

1 2 £-1 J4
=D+ HAD— D

BY! is an example of a perfect crystal (see [10] for the definition and important properties). One key
property this level 1 perfect crystal has is that tensoring it with a fundamental (or highest weight level 1)
crystal yields an isomorphism to another level 1 highest weight crystal. In particular, for ¢ € I there exists
an isomorphism of crystals,

T: B(A'L+1) i) 131"1 X B(A,)

The isomorphism is pictured in Figure |l for ¢ = 2 and ¢ = 2. Note the underlying graph of B(A;)
is identical to that of B(A¢), but the colors of the arrows are obtained from those of B(Ag) by adding
i mod (£+1).

Combinatorially, 7(\) = Ck ) ® puwhere k = Ay +imod (€ + 1) and pp = (Ag,..., \) if A =
(A1, A2, -+, A¢). So we obtain y from A by removing its top row.

2.3.2 General type

The perfect crystal B! in type Aél) is also an example of a Kirillov-Reshetikhin (KR) crystal. For a
quantized affine algebra U, (g), the KR crystals B™* correspond to a special family of finite dimensional
modules W™ indexed by a positive integer s and a Dynkin node r from the classical subalgebra g of g
[14]], [20]. In all of the types we consider, with the exception of Cél), the crystal BY! is perfect of level
1 [5]. When B! is perfect and A; is a level 1 fundamental weight for i € I, B! has a unique node b;
such that £ (b;) = A; and ¢(b;) = A, (;) for some (i) € I. There then exists a crystal isomorphism [10]

T : B(Ayy) = B @ B(A). (3)

In the interest of space we do not provide details of the case where either B! is not perfect or A; is
not a level one weight. However, with modification the theorems and proofs in this paper hold in these
cases also.



722 Henry Kvinge and Monica Vazirani

0 Coel
o] o]
[0] Y

/N RN

O ) Oel2]

Eele] «— [=]=)
(L
Pl

Fig. 1: The isomorphism B(A¢) ~ B! ® B(Az) for £ = 2.

3 Key definitions: class A, B, D nodes and cyclotomic paths

The analogues of trivial modules that we study below are constructed from crystal data given by walks on
BY!. Below are definitions used to describe these walks.

Definition 3.1 Let X, be one of the affine types listed in Section[2.1)and let I be the indexing set of its
Dynkin nodes. A type X, path p of length k, is a function p : {0,1,...,k — 1} — I such that there is a
directed walk in the type X, crystal BY' whose ith step corresponds to a p(i)-arrow.

When k > 1, a path p of length k corresponds to a unique directed walk in B1:1. In this case we use
the terms “type X, path” and “walk in B''!” interchangeably.

Definition 3.2 Forapath p : {0,1,...,k — 1} — I we call the arrow corresponding to p(0) the tail of
p, and the arrow corresponding to p(k — 1) the head of p. An extension to the tail of p by a j-arrow is a
pathp' : {0,1,...,k} — I suchthat p'(t) = p(t — 1) for 1 <t < k and p'(0) = j. An extension to the
head of p by a j-arrow, is a path p" : {0,1,...,k} — I such that p”’ (t) = p(t) for 0 <t < k — 1 and
p'(k) =j.

Let 7(j) be the length 1 path w(j) : {0} — I, w(5)(0) = j. For a path p, we denote the extension of
its tail by a j-arrow by 7(j) x p and the extension of its head by a j-arrow by p = 7(j). We can think of
extension as concatenation of paths. If the tail (respectively head) of p cannot be extended by a j-arrow
then we set 7(j) x p = O (respectively p x w(j) = 0).

The set of colors of arrows that can extend the tail of a path p of length k£ > 1 is denoted ext,,,

ext, :={j|n(j)*xp#0}. 4)
The set of colors of arrows that can extend the head of p is denoted ext},

exty == {j|px7(j) #0}. (5)
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’ Type ‘ class A ‘ class B ‘ class D pairs
A o1, 01,0
eV olo,. -1,

2
AQ |1, =10 0

2)t
AT 01,01 ¢

2
DP, 1,....0—1 0,0
DV | 23,...,0-2 (0,1), (¢ —1,0)
BV 2,...,0—1 ¢ (0,1)
AP | 21,0 (0,1)

Tab. 1: Classification of elements of I for each type X,

When ext,, (respectively ext; ) contains a single element ¢, we allow ourselves the convenience of writing
p(—1) = i (respectively p(k) = i).

In Table E] we classify the elements of I into three classes: A, B, and D.

Below is one of our key definitions.

Definition 3.3 Let p be a path of length k > 1 in B%'. p is called a cyclotomic path of tail weight
(As,, Asy) if the following hold:

1. p(0) =iz and p(1) # io. If p has length 1 then p* (i) = 0, i.e. the head of p cannot be extended
by an iy-arrow.

2. p(0) and p(1) are not a class D pair. If p has length I then there is no i € I such that the head of p
can be extended by an i-arrow and (p(0), 1) is a class D pair.

3. ext, = {i1}, i.e. p has a unique extension by an i1-arrow to its tail.
4. (mw(i1) * (w(i1) xp)) = 0, i.e. p cannot have its tail extended twice by i1-arrows.
The following proposition follows from inspection of the B! crystal graphs.

Proposition 3.4 Let X, be any type not equal to D§2), Dfll) or Bél). Then for all v € I there exists some

J € I such that there is a cyclotomic path p of tail weight (A, \;). When these paths exist they can be of
any length k € Z:>,.

Definition 3.5 We referto 1 € I in type D:(,)z) and 2 € I in types Dfll) and Bél) as forbidden elements.

While paths are about i € I and hence the arrows of B!, informally, a cyclotomic path corresponds
to a walk that starts at a “level 1 node,” that is a node b with (b) = A;, and ¢(b) = A,,.
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4 The KLR algebra R and some functors
4.1 The KLR algebra R(v)

For v =37, ;v in QT with [v| = m, we define Seq(v) to be all sequences i = (i1, %2, .. ,%m) such
that a;;, + -+ + «a;,, = v. Fori € Seq(v) and j € Seq(p), ij, will denote the concatenation of the two
sequences. It follows that ij € Seq(v + p). B N

For v € Q% with |v| = m, the KLR algebra R(v) associated with Cartan matrix [a;;]; jes is the
associative, graded, unital C-algebra generated by

1; for i€ Seq(v), z, for 1<r<m, o, for 1<r<m-—1,

subject to relations which can be found in [12] or [[16]. We set R = @ R(v) (which is not unital).

ve@t
The elements 1; are orthogonal idempotents since they satisfy 1;1; = 04, j1i and the identity element of

R(v)is
1, = Z 1;.
i€Seq(v)

The generators of R(v) are graded via deg(1;) = 0, deg(z,1;) = (v, , @, ), deg(¥13) = — (v, @i, ).
R(«;) has a unique (up to grading shift) simple module (7). It is 1-dimensional and z1; acts as zero.
R(na;) has a unique simple module L(i™).

4.2 Induction, co-induction, and restriction
It was shown in [12]] and [13]) that for v, u € Q™ there is a non-unital embedding
R(v) ® R(u) — R(v + p).
Using this embedding one can define induction and restriction functors,
Ind; ¥ : (R(v) ® R(p))-mod — R(v + p) - mod
M = R(v + 1) @ryorp) M

and
Resy i+ R(v + ) -mod = (R(v) @ R(s) - mod

vV,

In the future we will write IndZIf‘ = Ind and RESZILM = Res when the algebras are understood from the
context. More generally we can extend this embedding to finite tensor products

RN @ RWP)@-- @ Rw®) — RWW + @ 4 ... 4 pH),

We refer to the image of this embedding as a parabolic subalgebra and denote it by R(v) ¢ R(v™) +
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4.3 Crystal operators

Define the functor e; : R(v)-mod — R(v — «;)-mod as the restriction,

eiM = Resgg:g’g@mm) oRes; . o,
When M is simple we can further refine this functor by setting ¢; M := soce; M. Recall for a module
N that soc N is its largest semisimple submodule while cosoc IV is its largest semisimple quotient. We

measure how many times we can apply ¢; to M by

g;(M):=max{n >0 (&)"M #0 }. (6)
Let f; : R(v)-mod — R(v + o) -mod be defined by
fiM := cosocInd M K L(i) @)

(still assuming M is simple). We refer the reader to [[12]] for the most important facts about e;, €;, fz
We define e}, €/, fY by

1070

e) == Resggg?i?(”_a”) oRes) , o, ®)
e/ M :=soce/ M, €))
fivM = €osoC IndZ:fff" L(i) X M, (10)
e/ (M) :=max{m > 0| (¢/)"M # 0}. (11)

It is important to note that by the exactness of restriction, e;, eiv are exact functors, while ¢; and giv are
only left exact, and f; and f,” are only right exact.

4.4 Rep” and the functor pr,

For A =3, ; \iA; € P define T2 to be the two-sided ideal of R(v) generated by the elements xi” 1;
for all i € Seq(v). When v is clear from the context we write, Z» = Z*. The cyclotomic KLR algebra of
weight A is then defined as

R* = @ R*v) where R*v):=R(v)/I}.
veQt

The algebra R*(v) is finite dimensional [3, [16]. The category of finite dimensional R-modules on
which Z* vanishes is denoted Rep” . We construct a right-exact functor, pr, : R(r)-mod — R(v)-mod,
via

pry M := M/T"M (12)
and extend it to pr, : - mod — R-mod.
Proposition 4.1 [I6]] Let A = Ziel XNi\; € PT, v e QF, and let M be a simple R(v)-module. Then
TAM = 0 ifand only if pry M = M if and only if pry M # O if and only if
e/ (M) <\, forallie€l.
When these conditions hold, M &€ RepA, and we may identify M with pr, M (or as an RA(Z/)—module ).

We will primarily consider A = A; in which case Il/,\ is generated by x1144,..4,, and 154, 5 ,j # @
ranging over i € Seq(v).
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4.5 Module-theoretic model of B(A)
Let M be a simple R(v)-module. Set

wt(M)=—v and wt;(M) = —(h;, V). (13)

Let Irr R be the set of isomorphism classes of simple R-modules and Irr R* be the set of isomorphism
classes of simple modules in Rep”. For M € Irr R set ¢;(M) = &;(M) + wt;(M). For M € Trr R
set

Gt (M) = N + (M) + wty(M). (14)

In [16] it was shown that the tuple (Irr R, €;, p;, €;, fi, wt) defines a crystal isomorphic to B(co) and
(Irr R, &5, cpf , €, i, wt) defines a crystal isomorphic to the highest weight crystal B(A).

Proposition 4.2 [[/6] Let M be a simple R(v)-module with pr M # 0. Then
g@é\(M) =max{k € Z| pry ]F‘;]-“M #0}.
We mimic the conventions usually used in the theory of crystals and define
MM =) oM (M)Ai, (M) = ei(M)A;, V(M) =Y e/ (M)A, (15)
i€l i€l i€l
5 The family of modules 7,
Denote by 1 the trivial R(0)-module.
Definition 5.1 For any type X, and for a fixed path p of length k in B™1, define
Fote=1) Fot-2) - Joo) 1 = Ty (16)

and yp.p, 1= Ef:_ol Qp(iy S0 that Ty, is an R(p,1.)-module.

When T, ¢ RepAP(O) then T}, € RepAP<°)+AP(1). However, such p will not ever arise in our main
theorems. If p is a cyclotomic path of tail weight (A;,, A;,) then the modules T}, belong to Rep™i2 for
any k > 0. This is part of the motivation for Definition 3.3| of cyclotomic path.

Note that this definition implies that if j € ext; then f; T = Tpur(j);k+1- Observe Ty, = 1.

For k > 1, we define ¢ (p; k) and cp;r (p; k) as in Table so that

@i k) = 5 (0 k) + o (D k).
We also define,

e (pik) =Y oy kA T (k) = el (kA e(pik) =@ (k) + @ (p5 k).
icl i€l
a7

Remark 5.2 Recall that if p is a cyclotomic path of tail weight (A;,, A;,) then p has a unique extension
to its tail by an iy-arrow, i.e. ext, = {i1}.
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Class o5 (p; k) SDj (s k)

class A exty jext

class B 2(5%6,“5 — 05,00 5j,ex[;; (2 =05 pk—1))
class D | 0 - + (5]-’3“; —1)d;1 p(0) 0jextt

Tab. 2: Values of ¢} (p; k) and goj (p; k), k > 1, by class of 5 € I. When j is Class D, (4, j') is a Class D pair.

6 Main theorems

The proofs of our main theorems rely on induction on k, the length of the path p, and the lemmas below
lay out several key algebraic facts that let us pass from k to k + 1.
Below it is clear our induction must terminate since the k in question is bounded by |v/|.

Lemma 6.1 Let p be a cyclotomic path of tail weight (Ap_1), Ay(0)) so that o~ (p; k) = Ap—1). When
k > 1 then the following hold:

L. Ty, € Rep™v©,

2. Ifj #p(—1) and cpj(p; k) = 0, then Iy, Ind Th X L(j) = 0.
3. Ifj #p(—1) but <p;r(p; k) > 1 then PrA, Ind Ty, W L(5) = Tpar(j)ikt1-

4. When j = p(—1) and goj(p; k) > 1, there is a surjection PTA, 0 Ind Ty X L(j) = Tpir(j)ik415
and for all composition factors K of Ind Ty X L(j) such that K % T, (jy,k4+1 we have that

AP
0" (K) < @j(p; k) — 2.

Lemma 6.2 Suppose that A € Rep™ is a simple R(v)-module, D is a simple R(v — ~p.1)-module, p is
a cyclotomic path of length k and tail weight (Ap_1), A;), and there is a surjection

Ind T, XD — A.

Then D € RepAp<71>+<P+(p;k).
Theorem 6.3 Let A € Rep™ be a simple R(v)-module with |v| > 1 and i € I not forbidden.

1. There exists a cyclotomic path p : {0,1,...,k — 1} — I with p(0) = i of tail weight (A,(_1, As)
and length k such that é;/(kfl) . 'EZ(UE;/(O)A is a simple R(v — ~p.,)-module in Rep™#—»,

2. Letr(A) = k' be the rr.zinii?ml k such that statement (1) holds and let R(A) = €,y -+~ €y A
Then there exists a surjection
pry, Ind T, KR(A) — A.
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While the proof is too technical to give in full here, an outline of it follows. Set Ry(A) := A, and
Rt(A) = ,é)l\:t(tfl)’é/;t(t*Q) o 'é;/t(l)égt(O)A' (18)
We show inductively that there exist surjections

pry, Ind 7, I Ry(A) — A. (19)

For each of these surjections Lemma [6.2| implies that R;(A) € Rep’r+(-0+¢" () The induction will
end at the smallest & such that Ry, (A) € Rep™#(-». Then we setp = py, 7(A) = k, and R(A) = Ry (A).
We further conjecture the following.

Conjecture 6.4 Under the same hypotheses as Theorem|6.3)
= cosocpry, Ind Tp, . K R(A). (20)

Remark 6.5 In some types, having chosen p(0) = i, the choice of p(1) and consequently p, t < r(A)

is forced upon us. In other types, such as Cgl), there can be 2 choices for p(1) (and hence p(—1)). This
choice is mirrored by the combinatorial structure of B! @ B(A;).

Note that by Section the crystal-theoretic consequence of Theorem[6.3is a map

B(AJ—>@B“®B(AJ») givenby  [A] — ® [R(A)],

J

and where j runs over all possibilities for p(—1). (See Remark) By abuse of notation, we let

be the node in B'+! that the path p ends at. In this way, each node of B! corresponds to the infinite
collection of paths p that end at that node, and in turn to the collection of modules 7},.;.. (As remarked in
the introduction, this is not a categorification, but it is a useful correspondence.) If we choose to specify
B(A,;) as above, that further specifies that we consider the p with p(0) = 4 from that collection.

To recover the crystal isomorphism (3) from Theorem one must actually fix p(—1) and let ¢ vary
(whereas the theorem fixes ¢). In many types Xy, ¢ € I, specifying p(0) = ¢ determines p(—1) (in
particular when A; is of level 1 and BY! is perfect). In type A the relationship between and is
transparent. [22] discusses the crystal isomorphism in type A in more depth. At the moment, the above
theorem just gives us a map of nodes. Our second main theorem in Section [6.1below will show that it is
a morphism of crystals.

6.1 The action of the crystal operators

Next we study the action of the crystal operators ¢; and f? on (2)) to show that the map in part 2 of Theorem
[6.3] categorifies our crystal isomorphism 7.

Compare the theorems below with the crystal-theoretic statement (2). As in [16] simple modules in
Rep™i correspond to nodes in the highest weight crystal B(A;). Each node b of the KR crystal B!
corresponds to an infinite family of R(7y,.,)-modules T}, k € Z> that satisfy (T},x) = (b). Itisin
this manner that the main theorems of this paper give a categorification of the crystal isomorphism 7.
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Theorem 6.6 Ler A € Rep™ be a simple R(v)-module and j € I be such that €; A # 0. When i is class
B we furthermore require that |v| > 1. Let p be a cyclotomic path of tail weight (A,_1y, A;) and length
k =r(A), and R(A) = €Z(k_1) . -5;/(1)5;/(0)14 as constructed by the algorithm in Theorem Then

there exists a surjection

Ind & Ty B R(A) » GA if  &(Tpu) > )"V (R(A)), 1)

Ind Ty ® GRA) = GA i e;(Ty) < )"0 (R(A)). (22)
Theorem 6.7 Let i, p, k, A, and R(A) be as in Theoremﬁ Let j € I be such that pry, ]?jA # 0. Then
there exists a surjection

= = ., Ay
Ind f;Tpu B R(A) > fiA i &;(Tpn) = @7 (R(A)), (23)
¥

Ind T} ™ «ER(A) - J?jA i ej(Tpw) < /‘\p(il)(R(A»- (24)

References

[1] Susumu Ariki and Kazuhiko Koike, A Hecke algebra of (Z/rZ) ! &,, and construction of its irre-
ducible representations, Adv. Math. 106 (1994), no. 2, 216-243.

[2] Georgia Benkart, Seok-Jin Kang, Se-jin Oh, and Euiyong Park, Construction of irreducible rep-
resentations over Khovanov-Lauda-Rouquier algebras of finite classical type, Int. Math. Res. Not.
IMRN (2014), no. 5, 1312-1366. MR 3178600

[3] Jonathan Brundan and Alexander Kleshchev, Blocks of cyclotomic Hecke algebras and Khovanov-
Lauda algebras, Invent. Math. 178 (2009), no. 3, 451-484.

[4] , Graded decomposition numbers for cyclotomic Hecke algebras, Adv. Math. 222 (2009),

no. 6, 1883-1942.

[5] Ghislain Fourier, Masato Okado, and Anne Schilling, Perfectness of Kirillov-Reshetikhin crystals for
nonexceptional types, Quantum affine algebras, extended affine Lie algebras, and their applications,
Contemp. Math., vol. 506, Amer. Math. Soc., Providence, RI, 2010, pp. 127-143.

[6] 1. Grojnowski, Affine sl_p controls the representation theory of the symmetric group and related
Hecke algebras, arXiv:9907129 (1999).

[7] Victor G. Kac, Infinite-dimensional Lie algebras, second ed., Cambridge University Press, Cam-
bridge, 1985.

[8] Seok-Jin Kang and Masaki Kashiwara, Quantized affine algebras and crystals with core, Comm.
Math. Phys. 195 (1998), no. 3, 725-740.

[9] , Categorification of highest weight modules via Khovanov-Lauda-Rouquier algebras, In-

vent. Math. 190 (2012), no. 3, 699-742.




730 Henry Kvinge and Monica Vazirani

[10] Seok-Jin Kang, Masaki Kashiwara, Kailash C. Misra, Tetsuji Miwa, Toshiki Nakashima, and Atsushi
Nakayashiki, Perfect crystals of quantum affine Lie algebras, Duke Math. J. 68 (1992), no. 3, 499—
607.

[11] Masaki Kashiwara, On crystal bases, Representations of groups (Banff, AB, 1994), CMS Conf.
Proc., vol. 16, Amer. Math. Soc., Providence, RI, 1995, pp. 155-197.

[12] Mikhail Khovanov and Aaron D. Lauda, A diagrammatic approach to categorification of quantum
groups. I, Represent. Theory 13 (2009), 309-347.

[13] , A diagrammatic approach to categorification of quantum groups II, Trans. Amer. Math.

Soc. 363 (2011), no. 5, 2685-2700.

[14] A. N. Kirillov and N. Yu. Reshetikhin, Representations of Yangians and multiplicities of the inclu-
sion of the irreducible components of the tensor product of representations of simple Lie algebras,
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 160 (1987), no. Anal. Teor. Chisel
i Teor. Funktsii. 8, 211-221, 301.

[15] A. S. Kleshchev, Branching rules for modular representations of symmetric groups. I, J. Algebra
178 (1995), no. 2, 493-511.

[16] Aaron D. Lauda and Monica Vazirani, Crystals from categorified quantum groups, Adv. Math. 228
(2011), no. 2, 803-861.

[17] Cristian Lenart and Anne Schilling, Crystal energy functions via the charge in types A and C, Math.
Z.273 (2013), no. 1-2, 401-426.

[18] Ivan Losev and Ben Webster, On uniqueness of tensor products of irreducible categorifications,
Selecta Math. (N.S.) 21 (2015), no. 2, 345-377. MR 3338680

[19] George Lusztig, Introduction to quantum groups, Modern Birkhduser Classics, Birkhduser /
Springer, New York, 2010, Reprint of the 1994 edition.

[20] Masato Okado and Anne Schilling, Existence of Kirillov-Reshetikhin crystals for nonexceptional
types, Represent. Theory 12 (2008), 186-207.

[21] M. Vazirani, An observation on highest weight crystals, J. Algebra 315 (2007), no. 2, 483-501.

[22] , Categorifying the tensor product of a level 1 highest weight and perfect crystal in type
A, Proceedings of the 2012-2014 Southeastern Lie Theory Workshops, Proc. Sympos. Pure Math.,

Amer. Math. Soc., Providence, RI, To appear, arXiv.

[23] B. Webster, Knot invariants and higher representation theory I: diagrammatic and geometric cate-
gorification of tensor products, arXiv:1001.2020 (2010).



	Introduction 
	Background and notation
	Cartan datum
	The tensor product of two crystals
	Perfect crystals and Kirillov-Reshetikhin crystals
	Type A
	General type


	Key definitions: class A, B, D nodes and cyclotomic paths
	The KLR algebra R and some functors
	The KLR algebra R()
	Induction, co-induction, and restriction
	Crystal operators
	`39`42`"613A``45`47`"603ARep  and the functor `39`42`"613A``45`47`"603Apr
	Module-theoretic model of B()

	The family of modules Tp;k
	Main theorems
	The action of the crystal operators


