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New hook-content formulas for strict
partitions (extended abstract)
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Abstract. We introduce the difference operator for functions defined on strict partitions and prove a polynomiality
property for a summation involving the bar length (hook length) and content statistics. As an application, several new
hook-content formulas for strict partitions are derived.

Résumé. Nous introduisons I’ opérateur de différence pour les fonctions définies sur les partitions strictes et démontrons
qu’une somme en fonction des équerres et des contenus est un polyndome. En particulier, nous obtenons plusieurs nou-
velles formules des équerres et des contenus pour les partitions strictes.
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1 Introduction

The basic knowledge on partitions, Young tableaux and symmetric functions could be found in [20].
For the usual partitions, it is well known (cf. [9]) that complex irreducible characters of the alternating
group A,, and the symmetric group .S,, are determined by partitions of size n. Also, a famous result in
representation of finite groups, Nakayama Conjecture, says that two irreducible characters of S,, lie in
the same p-block if and only if their corresponding partitions have the same p-core. Strict partitions are
also closely related to the representation of finite groups. For example, the irreducible spin characters
of the covering groups of the alternating group A,, and the symmetric group S,, are determined by strict
partitions with size n (see [[L7]).

In this paper, we focus on strict partitions. A strict partition is a finite strict decreasing sequence
of positive integers A = (A1, Aa, ..., A¢). The integer || = Y ., ., A is called the size of the strict
partition A and £(\) = £ is called the length of \. For convenience, let \; = 0 for i > [(\). A strict
partition \ could be identical with its shifted Young diagram, which means that the i-th row of the usual
Young diagram is shifted to the right by ¢ boxes. Therefore the leftmost box in the i-th row has coordinate
(4,1 + 1). For the (4, j)-box in the shifted Young diagram of the strict partition \, we can associate its bar
length (in some other papers, it is also called hook length), denoted by lfz(i’ 7)» Which is the number of boxes
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exactly to the right, or exactly above, or the box itself, plus 5\]-. For example, consider the box O = (1, 3)
in the shifted Young diagram of the strict partition (7, 5,4,1). There are 1 and 5 boxes above and to the
right of the box O respectively. Since A3 = 4, the bar length of O is equal to 1 +5 4+ 1 + 4 = 11, as
illustrated in Figure The content of O = (4, j) in the shifted Young diagram is defined to be ¢o = j — 4,
so that the leftmost box in each row has content 1. Also, let () be the multiset of bar lengths of boxes
and Hj be the product of all bar lengths of boxes in \.

1] 1]

5[4]2]1 1/2]3[4
9/6/5[3]2 1]2[3[4]5
12011]8[7]5]4]1] ([1]2]3[4]5]6]7]

Fig. 1: The shifted Young diagram, the bar lengths and the contents of the strict partition (7, 5,4, 1).

Our goal is to find some formulas involving bar lengths and contents for strict partitions, also called
hook-content formulas for strict partitions, by analogy with that for usual partitions. For the usual partition
v, it is well known that (see [3, (10, 20[])

_ ! 1 2 _
fo=" ~ and n,lz_j =1 (1)

where H, denotes the product of all hook lengths of boxes in v and f,, denotes the number of standard
Young tableaux of shape v. The first author conjectured [4]] that

)= ST 2 n
N

v|l=n Oev

is always a polynomial in n for any £ € N, which was generalized and proved by Stanley [18]], and later
generalized in [7]] (see also [2} 158} 14} [15]).

For two strict partitions A and /i, we write A D ji if A; > ji; for any 7 > 1. In this case, the skew strict
partition \/fi is identical with its skew shifted Young diagram. For example, the skew strict partition
(7,5,4,1)/(4,2,1) is represented by the white boxes in Figure 2| Let f5 (resp. fy /i) be the number of
standard shifted Young tableaux of shape A (resp. A/fi). The following are well-known formulas (see
[T} [17, 211]) analogous to (T)):

- Al

1 3
fr="g and 3 VR )
i ! -
[A|=n

In this paper, we generalize the latter equality of (2) by means of the following results.
Theorem 1.1 Suppose that Q) is a given symmetric function and [i is a given strict partition. Then
2n—€(5\)f‘5\ B — _
_ /i ( ca) . )
P(n) = _ :deA
m= 3 o((5)

i H;
IX/fil=n A
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Fig. 2: The skew shifted Young diagram of the skew strict partition (7, 5,4,1)/(4,2,1).

is a polynomial in n, where Q((9) : O € X) means that || of the variables are substituted by () for
O € A\ and all other variables by 0.

Theorem 1.2 Suppose that k is a given nonnegative integer. Then we have
4 Hy / 2k Sk \k+1)
|A|l=n e
When k& = 0 we derive the latter identity of (2). When k = 1, Theorem [I.2]becomes
> 2 (B =
E Hy -\ 2/ \2)’
|A|=n gex
which could also be obtained by setting i = () in the next theorem.

Theorem 1.3 Let [ be a strict partition. Then we have

>

IX/Bl=n

D F

7 (> (2”) - (2“)) = (Z) + nll. )

e ben

The proofs of those theorems are given in Section 4, by using the difference operator technique.

2 The difference operator for strict partitions

For each strict partition ), the symbol X‘f (resp. A7) always represents a strict partition obtained by adding
(resp. removing) a box to (resp. from) . In other words, [AT/A| = 1 and |A\/X\~| = 1. By analogy with
the difference operator for usual partitions introduced in [7], we define the difference operator for strict
partitions by

D(gN) = > g +2 > g\ — gV,

LAT)>e(N) LAF)=L(X)

where ) is a strict partition and ¢ is a function of strict partitions. Notice that {\* : (A1) > £(\)} =
Oorl.

For each skew strict partition \/fi, let f’;\/ﬁ = 2|5“’|m4(5‘)+£(ﬁ)fx/ﬁ. We obtain the following two
lemmas.
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Lemma 2.1 For two different strict partitions X D [i we have

Lemma 2.2 For each strict partition i and each function g of strict partitions, let

Am) =Y f'xu9(N)

X/ f|=n
and
B(n):= > f'5Dg(N).
IX/fl=n
Then
n—1
A(n) = A(0) + > _ B(k)
k=0

By induction and Lemma[2.2] we obtain the following result.

Theorem 2.3 Let g be a function of strict partitions and ji be a given strict partition. Then we have

POREVIOEDY (Z) D*g() “)

% al=n k=0
and .
D) = S0 (1) S e ®)
k=0 N/ =k

In particular, if there exists some positive integer v such that D" g(\) = 0 for every strict partition \, then
the left-hand side of @) is a polynomial in n with degree at most r — 1.

Example. Let g(\) = 1/Hj. Then Dg(\) = 0 by Theorem The two quantities defined in Lemma
are:

/7 —
A(n) = LBV B(n) = 0.
2 h,
IA/Bl=n
Consequently,
2nfl(:\)+l(ﬂ)f‘5\ B 1
— ©
|3/ l=n A g
In particular, i = () implies i
> 2R =l (7)

[A|=n
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3 Corners of strict partitions

For a strict partition \, the outer corners are the boxes which can be removed to get a new strict partition

A", Let (a1, B1), -, (Qm, Bm) be the coordinates of outer corners such that a;; > ap > st > . Let
y; = B; — a; be the contents of outer corners for 1 < j < m. We set a1 = 0, fo = £(A) + 1 and call
(a1, Bo)s (2, B1), - -+, (@1, Bm) the inner corners of \. Let z; = 8; — ;41 be the contents of inner

corners for 0 <7 < m (see Figure . The following relation of z; and y; are obvious.
xo=1<y1 <w1 <yo <w2 <+ <Yy < Ty ¥

Notice that 2o = y; = 1 if and only if 5\13(;\) =1L

) (0617 ﬂl)
(0527 52)
‘ X ‘ ‘ l:‘ (amwﬁm)
Fig. 3: A strict partition and its corners. The outer corners are labelled with (s, 8;) (i = 1,2,...,m). The inner

corners are indicated by the dot symbol “-”.

For arbitrary two finite alphabets A and B, the power sum of the alphabet A — B is defined by [11} p.5]

UH(A,B) =) a" - b* ©)

acA beB
for each integer k£ > 0. And for each partition v = (v, vy, ..., V), we define
L{(v)
U”(A,B) =[] ¥ (A, B). (10)
j=1

Let \ be a strict partition. Motivated by the work of Olshanski [13] we define

() == ({ (“;>}{(y2)}) (11

First we consider the difference between the bar length sets of A and At = X J{O} for some box O.

Theorem 3.1 Suppose that \* = \\J{O} such that ¢n = x;. If i = 0, then
o AL (%) - (%)
Hye  I1 ((3) = (%))
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If1 <i<m,then

H;\ 1 1§1j—1§m
oy 2 ]I

Suppose that ag < a1 < --- < a,, and by < - -+ < by, are real numbers.

Theorem 3.2 Let k be a nonnegative integer. Then there exist some &, € Q such that

[T (a;i—1b))
Z K]Sm—af = Z gV\IIV({Ch}v{bZ})
0<i<m Ogljlm(al ) v|<k
oz

for arbitrary real numbers ag < a1 < -+ < Gy and by < by < -+ < by

By Theorem[3.2] when & = 0,1, 2, we obtain

Lo
=e=m 1, (12)
OS’LZSm O<1j—I<m(ai - a’])
EEZ
1<1'_£ (ai a bj)
Z Lai = \Ijl({ai}v {bi}), (13)
X a; — aj;
0<i<m 0<jlj;l<lm( J)
[T (ai—0bj)
s tgEe e WO (e (b)) + 9 (fer) (b)) (14)
0<i<m 0<1;<m(ai —aj) " 2
EEZ

>
N3

By Theorems and we find a formula to compute D ( g}%; ).

Theorem 3.3 Suppose that g is a function of strict partitions. Then
9Ny _ g(A\*) —g(V) g(A\*) —g(V)

PG )= X Tt 3 SEEs

by 3 3 Xt 5 5

LAA+H)>L(N) LAt)=E(N)

for every strict partition .

Let X" = XUU{0;} such that ¢cg, = x; for 1 < i < m. If gy > 1, let A%t = A[J{Do} such
that ¢, = xg = 1. We obtain the following result for ®*(\i*) and & (\).
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Theorem 3.4 Let k be a given nonnegative integer and \ be a strict partition. Then there exist some
&; € Q such that
J

H(R) — () = k}_;gj (%)

for every strict partition \.

By Theorem we can show that D (%(X)) could be written as a linear combination of some ‘I){(f_\)
A A
for some partitions 4.
Theorem 3.5 Let v = (v1, 10, ..., V) be a partition. Then there exist some &5 € Q such that
V(N °(N)
D( _ ) = _ 15
7. > & 7. (15)
[6|<lv|-1

for every strict partition \.

4 Proofs of Theorems

Instead of proving Theorem|1.1] we prove the following more general result, which implies Theorem
when v = .

Theorem 4.1 Suppose that v = (v1, v, ..., y) is a given partition, [i is a given strict partition and @) is
a symmetric function. Then there exists some r € N such that

pr(AUE BN

for every strict partition \. Consequently,
2n—€(§)+f(ﬁ)'f}\ B - B B
_ /i ( o | ) v
P(n) = _— 0 e X)PY(A
= 3 () imeR)er
[X fl=n
is a polynomial in n.
Proof (sketch): By linearity we assume that

Q((C;) DeX) = > (C;)"

t=1lpex
for some tuple (r1,72,...,7s). Then by Theorems andwe can show that

‘I’”(;\) Hf:1_2|:e7\ (525 )Tt )
Hy

H;\D(



642 Guo-Niu Han and Huan Xiong

could be written as a linear combination of some @ (X\) [T5,_, S5 (%)™ satisfying one of the fol-
lowing two conditions:

(1) s" < s
2)s' =sand || < |v| - 1.
Then the claim follows from induction on s and |v|. 0

Proof of Theorem|[I.2} The special case of the proof of Theorem 4.1|with v = () and s = 1 yields

co\ 71 IT (%) (%)) ,
= oo oea (5) Y 1<j<m z\™
B - S ) ()

TE
= Z £,V (N),
lv|<ry

where &, are some constants. The last equality is due to Theorem [3.2] Notice that

() =11 - (3)

Then by Theorems [3.5]and [2.3] we know that

is a polynomial in n with degree at most k£ + 1.

On the other hand,
!
2k 2k

Pl 1) = L0 (o) = G

Hq1y \2k (k+1)!
since (k + 1) is the only strict partition with size k + 1 who has contents greater than k. Moreover, It is
obvious that P(0) = P(1) = --- = P(k) = 0. Since the polynomial P(n) is uniquely determined by
those values, we obtain P(n) = (ki_kl)! (kil). O

From Theorem 4.1} the left-hand side of (3) in Theorem [I.3]is a polynomial in n. To evaluate this
polynomial explicitly, we need the following lemma.

Lemma 4.2 Let \ be a strict partition. Then ®*(\) = |)|.
Proof of Theorem 1.3} By Corollary [3.3] Theorem [3.T]and Identity (T3) it is easy to see that

mp(Zealidy -y Iy (T)-y (%)

LAT)>L(N) M oes+ gex

2 8oy (5)-2(5)

eOF)=e(3) Hr "o Oex
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Osism o o,
G
=®'(X)
= [\l

Therefore we have

H}\Dz(z\:e_?\ (?)) -1,

Hy
7 2 ZEI X(ED)
HyD3(=EE2227) — .
A ( Hy, )
Then our claim follows from Theorem [2.3] O
Similarly, by (12)), (I3)) and (T4) we have
e CDY L L g >
yp(Zeels) ) = (0 AP~ 203)
2 X( ) _ 25
yp2(Zee) ) =3
s(Toes (P4 _2
H,D ( H; ) EX
H D4(ZDE>\( )) 0.

Thus by Theorem [2.3| we obtain the following result.

Theorem 4.3 Let ji be a strict partition. Then

on—tOV+E) fy

gl s (e o ()

IX/fl=n oex Cen
_2(n 2 L o2 2 _o|n
=2(5) + 31 (5) + 15 @@ + laP - 20a)n
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